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1919.] SOLUTIONS OF PROBLEMS. 127 

J. V. Fazio, S. Weinberger, N. P. Pandya, H. L. Olson, Elijah Swift, W. L. 
Lord, J. W. Lasley, T. R. Thomson, Abraham Platman, H. Gladstone, 
Peter Pumo, Isadore Rose, R. M. Mathews, J. L. Riley. 

2680 [March, 1918]. Proposed bye. C. TEN, Tangshan, North China. 

The diagonals of a maximum parallelogram inscribed in an ellipse are conjugate diameters 
of the ellipse. (From Joseph Edward's Elementary Treatise on Differential Calculus.) 

Solution by L. E. Mensenkamp, Freeport, Illinois. 

Let the equation of the ellipse be x*/a? + y'/b" = 1. Now, it is easily shown that a quadri- 
lateral inscribed in an ellipse is a parallelogram when, and only when, the opposite vertices are 
symmetrical with respect to the origin. In other words, the diagonals of an inscribed parallelo- 
gram pass through the center of the ellipse. Let us denote one vertex of the parallelogram 
(which for convenience we may assume to be in the first quadrant) by Pi = (xi, 2/1). Let an 
adjacent vertex be P 2 = (%, 2/2). Then, the vertex opposite Pi will be P 3 = (— xi, — yi), and 
that opposite Pz will be P 4 = (— %, — 2/2). 

We may call P2PS the base of the parallelogram. Its equation may be written 

(2/i + 2/2)* - (xi + Xi)y - (xi + xt)yi + (2/1 + y 2 )xi = 0. 

The equation in this form enables us to apply the usual formula for the distance from a point to a 
line to obtain the distance from Pi to the line P2P3, which is the altitude of the parallelogram. This 
expression for the altitude, after some reduction, becomes 

D = 2( - XlVi ~ Xiy ^ (1) 

V(2/i + 2/2) 2 + (*i+%) 2 ' 

Multiplying D by the length of the base P2P3, we find the area of the parallelogram to be 
A = 2(zi2/2 — %2/i). Making use of the fact that these points he on the ellipse, and assuming 
for the moment that P 2 lies above the X-axis, the area becomes 
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A = -r- (xWa 2 - xi - .-K2V0 2 - zi 2 ). 

The condition for a maximum is that dA/dxi = 0, and dA\dx% = 0. Both of these conditions 
lead to the same equation, namely, 



xix 2 = - Va 2 - xiUa* - x 2 2 . (2) 

Therefore, 

2/12/2 = 2/12/2 _ ft 2 

xix 2 _ Va 2 - zi 2 Va 2 - Z2 2 a2 ' 

The last member of this equation follows from the elimination of 2/1 and 2/2 by means of the equa- 
tion for the ellipse. Since yi/xi and 2/2/% represent the slopes of the diagonals of the parallelogram, 
and since their product equals — Via?, it is seen (B6cher, Plane Analytic Geometry, p. 153) that 
the diagonals are conjugate diameters of the ellipse. 

If P2 is assumed to be below the X-axis, we must remember to use 



2/2 = "*io 2 - % 2 , 

but the final result is the same. It is evident that the equation (2) gives a maximum, and not a 
minimum, parallelogram; for, assuming P 2 temporarily fixed while Pi varies, we see that the area 
is zero when Pi coincides with either P 2 or P 4 . 

Also solved by J. B. Reynolds. 

2681 [March, 1918]. Proposed by PHILIP FRANKLIN, College of the City of New York. 

Given n letters of one kind and n — 1 letters of another kind, in how many ways can they be 
arranged so that, moving along the arrangement from one end to the other, the number of letters 
of the first kind passed over is greater than the number of the second kind at any instant? 
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Solution by C. F. Gummer, Queen's University. 

Let/(p, q) be the number of ways of arranging p letters, some A and some B, so that, on going 
from left to right, we pass always more A's than B's, and finally q more A's than B's. Clearly 
/(P> a) =■ when p — q is odd and when q < 1. 

Such an arrangement will end with an A in /(p — 1, q — 1) cases, (p > 1); and it will end 
with a B in/(p — 1, q + 1) cases (q 4= 0). Therefore, 

/(p, 3) = /(p - i, a - i) +/(p - l, g + 1) 

under the above restrictions. 

To remove the restriction 3 4= 0, let us define 

g(p, g) = /(p> g), (?S0); 
g(p, g) = -/(p, ~g), (g <o). 

Then 

g(p, g) = g(p - l, g - i) + g(p - i, g + 1) 

provided p > 1. 

By successive application, 

g(p, g) = g(p - 2, g - 2) + 2q(p -2,q)+g(p-2,q+2) =g(p-3,q- 3) 

+ MP ~ 3, g - 1) + 3g(p - 3, g + 1) + g(p - 3, q + 3) = • • • = ff(l, g - p + 1) 

+ ( P 7 1 )g(i,g-P + 3) + ( p ~ 1 )g(l,g-p + 5) + .--. 

Now g(l, g) = 0, except that g(l, 1) = 1 and g(l, — 1) = — 1. 
Hence, if p — q is even, 

g(p. g) = - ( (p _V-2)/2) + ( (p P -~g)/2) 

2g / p-1 \ 
P + gV(p-g)/2^ 

For the particular problem, p = 2n — 1, q = 1, and 

,. , , , 1 / 2n - 2 \ |2r*-2 

/(P,g) = g(P,g) - -( n _ 1 ) - ^TTl- 

2683 [March, 1918]. Proposed by 3. ». hitt, Mississippi College. 

The height of a frustum of a cone is h, the radii of the upper and lower circular bases are a 
and 6, respectively. Deduce the formula for finding the center of gravity of the frustum. 

Solution by H. C. Gossabd, U. S. Naval Academy. 

Since the center of gravity is, obviously, on the axis of the frustum, let y be the required 
distance of the center of gravity above the lower base. Complete the cone and let % be the alti- 
tude of the upper cone. From similar triangles, x : x + h = a : b; whence, by division, x : h 
— a : b — a, or x = ah/(b — a). The altitude of the entire cone is x + h --- bh/(b — a). 

The volume of the whole cone is ^ 77 r = Vi and the volume of the upper cone is 5 yr r 

6 (0 — a) 6 (o — a) 

= y 2 . 

Hence, the volume of the frustum is » jr : — 5 77 - s = -5 Ma 2 + 6 2 + ob) = V s . 

3 (0 — 0) 3 (0 — a) 6 

Remembering that the center of gravity of a cone is on its axis of symmetry and 1/4 of the 
distance from the center of gravity of the base to the vertex measured from the base, we have, on 
taking moments about any diameter of the base, V 3 y = Ibh/b — aV\ — \ahjb — aVt. Substituting 
the values of Vi, Vz, and Vz and solving for y and reducing to simplest form, we have 

h I V + 2ab + 3o 2 v 



= h ( 6 2 + 2ab + 3o 2 \ 
y i\ W + ab + a? ) 



